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Abstract
The hadronic vacuum polarisation contributions to the anomalous magnetic moment of the muon, ahad,VPµ have been
re-evaluated from the combination of e+e− → hadrons cross section data. Focus has been placed on the development
of a new data combination method, which fully incorporates all correlated statistical and systematic uncertainties
in a bias free approach. Using these combined data have resulted in estimates of the hadronic vacuum polarisation
contributions to g− 2 of the muon of ahad,LOVPµ = (693.27± 2.46)× 10−10 and ahad,NLOVPµ = (−9.82± 0.04)× 10−10.
The new estimate for the Standard Model prediction is found to be aSMµ = (11 659 182.05 ± 3.56) × 10−10, which is
3.7σ below the current experimental measurement. In addition, the prediction for the hadronic contribution to the
QED coupling at the Z boson mass has been calculated to be ∆α
(5)
had(M
2
Z) = (276.11 ± 1.11) × 10−4, resulting in
α−1(M2Z) = 128.946± 0.015.
1 Introduction
The anomalous magnetic moment of the muon, aµ = (g−2)µ/2, stands as an enduring test of the Standard Model (SM),
where the ∼ 3.5σ (or higher) discrepancy between the experimental measurement aexpµ = 11 659 209.1 (5.4) (3.3) ×
10−10 [1,2] and the SM prediction aSMµ could be an indication of the existence of new physics beyond the SM. Efforts
to improve the experimental estimate at Fermilab (FNAL) [3] and at J-PARC [4] aim to reduce the experimental
uncertainty by a factor of four compared to the BNL measurement. It is therefore imperative that the SM prediction
is also improved to determine whether the g − 2 discrepancy is well established.
The uncertainty of aSMµ is completely dominated by the hadronic contributions, where the hadronic vacuum
polarisation contributions can be separated into the leading-order (LO) and higher-order contributions. These are
calculated utilising dispersion integrals and the experimentally measured cross section σ0had,γ(s) ≡ σ0(e+e− → γ∗ →
hadrons+γ), where the superscript 0 denotes the bare cross section (undressed of all vacuum polarisation (VP) effects)
and the subscript γ indicates the inclusion of effects from final state photon radiation (FSR). At LO, the dispersion
relation reads
ahad,LOVPµ =
α2
3pi2
∫ ∞
m2pi
ds
s
R(s)K(s) ; R(s) =
σ0had,γ(s)
σpt(s)
≡ σ
0
had,γ(s)
4piα2/3s
, (1)
where K(s) is a well known kernel function. In addition to calculating ahad,VPµ , the combination of hadronic cross
section data is also used to calculate the effective QED coupling at the Z boson mass, α(M2Z), which is the least
precisely known of the three fundamental electro-weak (EW) parameters of the SM (the Fermi constant Gµ, MZ and
α(M2Z)) and hinders the accuracy of EW precision fits.
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Figure 1: The relative difference of the radiative return and most relevant direct scan data sets contributing to api
+pi−
µ
and the combination of all data, plotted in the ρ region. The width of the coloured bands represent the propagation
of the statistical and systematic uncertainties added in quadrature.
2 Radiative corrections and data combination
Equation (1) requires the experimental cross section to be undressed of all VP effects. However, recent data are more
commonly undressed in the experimental analyses already, removing the need to apply a correction to these data
sets and, hence, reducing the impact of the extra radiative correction uncertainty which is applied to each channel.
Concerning FSR, detailed studies have been performed for the important pi+pi− and K+K− channels. The K+K−
final state is dominated by the φ peak, where the phase space for real radiation is severely restricted and the possibility
for any hard real radiation is strongly suppressed. Therefore, no correction or additional error estimate due to FSR is
now applied in the K+K− channel (or the K0SK
0
L channel). For the two pion channel, in principle larger contributions
from real radiation can arise. Therefore, the fully inclusive scalar QED correction [5] is applied where necessary. It
should be noted, however, that recent sets from radiative return (where accounting for FSR effects is an integral part
of the analysis) have now become dominant in the pi+pi− data combination, reducing the impact of the fully inclusive
FSR correction from older data. For the sub-leading, multi-hadron channels, there are, at present, no equivalent FSR
calculations. Therefore, possible effects are accounted for by applying a conservative additional uncertainty.
Within each hadronic channel, data points from different experiments are re-binned into clusters [6]. A covariance
matrix is then constructed for the combination which contains the uncertainty and correlation information of all data
points. Using the covariance matrix as defined by the data alone could result in bias (see [7, 8]). To avoid this,
the covariance matrix is redefined at each step of an iterative linear χ2-minimisation [9, 10] using the fitted values
for the cluster centres, Rm (see [6]). Convergence of the iteration is observed in this work to occur after only a
few steps. Performing the minimisation yields the cluster centres Rm and the covariance matrix V
(
m,n
)
, which is
inflated according to the local χ2min/d.o.f. for each cluster if χ
2
min/d.o.f. > 1. This is done in order to account for any
tensions between the data. The use of the full covariance matrix allows for the inclusion of any-and-all uncertainties
and correlations that may exist between the measurements. Hence, the appropriate influence of the correlations is
incorporated into the determination of the cluster centres, Rm, with the correct propagation of all experimental errors
to the uncertainty. The data are then integrated in order to obtain ahad,VPµ and the five flavour contribution to the
running α, ∆α
(5)
had(M
2
Z).
3 Determining ahad,VPµ and ∆α
(5)
had(M
2
Z)
In the pi+pi− channel, two recent radiative return measurements from the KLOE collaboration [11,12] and the BESIII
collaboration [13] in the ρ region have improved the estimate of this final state. As indicated in Figure 1, tension
exists between the BaBar data [14] and all other contributing data. Although BaBar still influences the combination
with an increase, the agreement between the other radiative return measurements and the direct scan data largely
Channel Energy range (GeV) ahad,LOVPµ × 1010 ∆α(5)had(M2Z)× 104
pi+pi− 0.305 ≤ √s ≤ 1.937 502.97± 1.97 34.26± 0.12
pi+pi−pi0 0.660 ≤ √s ≤ 1.937 47.79± 0.89 4.77± 0.08
pi+pi−pi+pi− 0.613 ≤ √s ≤ 1.937 14.87± 0.20 4.02± 0.05
pi+pi−pi0pi0 0.850 ≤ √s ≤ 1.937 19.39± 0.78 5.00± 0.20
K+K− 0.988 ≤ √s ≤ 1.937 23.03± 0.22 3.37± 0.03
K0SK
0
L 1.004 ≤
√
s ≤ 1.937 13.04± 0.19 1.77± 0.03
KKpi 1.260 ≤ √s ≤ 1.937 2.71± 0.12 0.89± 0.04
KK2pi 1.350 ≤ √s ≤ 1.937 1.93± 0.08 0.75± 0.03
Inclusive channel 1.937 ≤ √s ≤ 11.200 43.67± 0.67 82.82± 1.05
Table 1: Contributions to ahad,LOVPµ and ∆α
(5)
had(M
2
Z) [6]. The first column indicates the hadronic final state or
individual contribution, the second column gives the respective energy range of the contribution, the third column
gives the determined value of ahad,LOVPµ and the last column states the value of ∆α
(5)
had(M
2
Z).
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Figure 2: The resulting cross sections of the leading and major sub-leading hadronic final states.
compensates for this effect. However, the tension between data is reflected in the local χ2min/d.o.f. error inflation,
which results in an ∼ 15% increase in the uncertainty of api+pi−µ . The full combination of all pi+pi− data results in the
contributions to ahad,LOVPµ and ∆α
(5)
had(M
2
Z) as given in Table 1. The cross section in the ρ region is displayed in plot
(a) of Figure 2.
The results and cross sections from other major sub-leading channels are also given in Table 1 and Figure 2,
(a) Fractional contributions to ahad,LOVPµ (b) Fractional contributions to ∆α
(5)
had(M
2
Z)
Figure 3: Pie charts showing the fractional contributions to the total mean value and (error)2 of both ahad,LOVPµ and
∆α
(5)
had(M
2
Z) from various energy intervals.
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Figure 4: Contributions to the total hadronic R ratio from the different final states (left panel) and their uncertainties
(right panel) below 1.937 GeV. The full R ratio and its uncertainty is shown in light blue in each plot, respectively.
Each final state is included as a new layer on top in decreasing order of the size of its contribution to ahad,LOVPµ .
respectively. In all cases, these channels include new data sets which, coupled with the new data combination routine,
have improved the estimates of ahad,LOVPµ and ∆α
(5)
had(M
2
Z) from these final states. In particular, a new measurement
of the pi+pi−pi0pi0 channel by BaBar [15] has provided the only new data in this channel since 2003. The uncertainty
contribution from pi+pi−pi0pi0 is, however, still relatively large in comparison with its contribution to ahad,LOVPµ and
requires better new data. Notably, the K+K− channel now includes a precise and finely binned measurement by the
BaBar collaboration, supplemented with full statistical and systematic covariance matrices [16], being the first and
only example to date of the release of energy dependent, correlated uncertainties outside of the pi+pi− channel. The
neutral final state K0SK
0
Lpi
0 has been measured by SND [17] and BaBar [19], completing all modes that contribute
to the KKpi final state. Plot (g) of Figure 2 demonstrates good agreement between the previously used isospin
estimate [18] and the data-based approach in this analysis. In addition, BaBar have also completed all modes that
contribute to the KKpipi channel [19]. Examining plot (h) of Figure 2, it is evident that the isospin relations provided
a poor estimate of this final state. The inclusive hadronic R-ratio now includes precise measurements by the KEDR
collaboration [20]. The fit of the inclusive data in the range 1.937 ≤ √s ≤ 3.80 GeV is shown in plot (i) of Figure 2,
which demonstrates that the inclusive data combination is much improved. With the new KEDR data, the differences
between the inclusive data and pQCD are not as large as previously and, hence, the contributions in the entire inclusive
data region are now estimated using the inclusive data alone.
3.1 Total contribution of ahad,LOVPµ and ∆α
(5)
had
From the sum of all hadronic contributions, the estimate for ahad,LOVPµ from this analysis is [6]
ahad,LOVPµ = (693.27± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)× 10−10 = (693.27± 2.46tot)× 10−10 , (2)
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Figure 5: A comparison of recent and previous evaluations of aSMµ . The analyses listed in chronological order are:
DHMZ10 [21], JS11 [22], HLMNT11 [18], FJ17 [23] and DHMZ17 [24]. The prediction from this work is listed as
KNT18 [6], which defines the uncertainty band that other analyses are compared to. The current uncertainty on the
experimental measurement [1, 2] is given by the light blue band. The light grey band represents the hypothetical
situation of the new experimental measurement at Fermilab yielding the same mean value for aexpµ as the BNL
measurement, but achieving the projected four-fold improvement in its uncertainty [3].
where the uncertainties include all available correlations and local χ2min/d.o.f. inflation. Using the same data compila-
tion as for the calculation of ahad,LOVPµ , the next-to-leading order (NLO) contribution to a
had,VP
µ is determined here
to be ahad,NLOVPµ = (−9.82± 0.04)× 10−10 . The corresponding result for ∆α(5)had(M2Z) is [6]
∆α
(5)
had(M
2
Z) = (276.11± 0.26stat ± 0.68sys ± 0.14vp ± 0.82fsr)× 10−4 = (276.11± 1.11tot)× 10−4 , (3)
where the superscript (5) indicates the contributions from all quark flavours except the top quark. The fractional
contributions to the total mean value and uncertainty of both ahad,LOVPµ and ∆α
(5)
had(M
2
Z) from various energy intervals
is shown in Figure 3. Figure 4 shows the contributions from all hadronic final states to the hadronic R ratio and its
uncertainty below 1.937 GeV.
3.2 SM prediction of g − 2 of the muon and α(M2Z)
Combining the results for ahad,LOVPµ and a
had,NLOVP
µ with the contributions from QED: a
QED
µ = (11 658 471.8971±
0.007)× 10−10 [25], the electro-weak sector: aEWµ = (15.36± 0.10)× 10−10 [26], the hadronic vacuum polarisation at
NNLO: ahad,NNLOVPµ = (1.24±0.01)×10−10 [27], the hadronic light-by-light (LbL) at LO: ahad,LbLµ = (9.8±2.6)×10−10
[28] and the hadronic LbL at NLO: ahad,NLOLbLµ = (0.3±0.2)×10−10 [29], the SM prediction of the anomalous magnetic
moment of the muon is found to be
aSMµ = (11 659 182.05± 3.56)× 10−10 . (4)
Comparing this with the current experimental measurement results in a deviation of ∆aµ = (27.05 ± 7.26) × 10−10,
corresponding to a 3.7σ discrepancy. This result is compared with other determinations of aSMµ in Figure 5. The total
value of the QED coupling at the Z boson mass is found in this work to be
α−1(M2Z) =
(
1−∆αlep(M2Z)−∆α(5)had(M2Z)−∆αtop(M2Z)
)
α−1 = 128.946± 0.015 . (5)
4 Conclusions
This analysis, KNT18 [6], has completed a full re-evaluation of the hadronic vacuum polarisation contributions to
the anomalous magnetic moment of the muon, ahad,VPµ and the hadronic contribution to the effective QED coupling
at Z boson mass, ∆αhad(M
2
Z). Combining all available e
+e− → hadrons cross section data, this analysis found
ahad,LOVPµ = (693.27± 2.46)× 10−10 and ahad,NLOVPµ = (−9.82± 0.04)× 10−10. This has resulted in a new estimate
for the Standard Model prediction of aSMµ = (11 659 182.05±3.56)×10−10, which deviates from the current experimental
measurement by 3.7σ.
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